Structural and dynamical properties of crystalline alumina ␣-Al 2 O 3 and amorphous and molten alumina are investigated with molecular dynamics simulation based on an effective interatomic potentials consisting of two-and three-body terms. Structural correlations are examined through pair distribution functions, coordination numbers, static structure factors, bond angle distributions, and shortest-path ring analyses. The calculated results for neutron and x-ray static structure factors are in good agreement with experimental results. Dynamical correlations, such as velocity autocorrelation function, vibrational density of states, current-current correlation function, and frequency-dependent conductivity, are also discussed.
I. INTRODUCTION
Aluminum oxide ͑alumina, Al 2 O 3 ͒ is a highly insulating ceramic with great technological applications. It is as important as silica due to its basic uses for preventing crystallization and giving chemical stability and durability to a glaze, for instance. Due to its high melting point, very high hardness, and low electrical conductivity, it is used in cutting tools, electronic devices, optics, and catalyst support, among others. 1 Besides its technological applications, alumina as well as Mg, Ca, and Si oxides are part of Earth's mantle and an understanding of their properties in extreme condition of temperature and pressure is very important for a systematic understanding of Earth's mantle. 2, 3 Alumina, aside from its most stable corundum ␣-Al 2 O 3 form, exists in several metastable polymorphs, ␤, ␦, ␥, , , , and phases. These polymorphs are divided into two categories according to the structural arrangement of the oxygen atoms: structures with fcc oxygen symmetries include ␥, ͑cubic͒, ͑monoclinic͒, and ␦ ͑tetragonal or orthorhombic͒ phases, whereas structures with oxygen based on hcp packing are represented by ␣ ͑trigonal͒, ͑orthorhombic͒, and ͑hexagonal͒ phases. Other monoclinic phases, Ј, Љ, and , have also been identified. 4 A review of these crystal structures and their precursors can be found in the work of Levin and Brandon. 4 Amorphous alumina formed by rapid solidification has been reported on chill surface of plasma sprayed deposits, 5 by using vapor deposition, 6 reactive sputtering, 7 evaporative decomposition of solution, 8 and electrohydrodynamic atomization. 9 Structural determination of poor quality amorphous alumina samples obtained by anodic oxidation of aluminum foil has also been reported. 10 Liquid alumina, on the other hand, is less studied than its solid phases, mainly due to experimental difficulty. At very high temperatures, the structural information is influenced by the container contamination. These problems can be eliminated by using levitation techniques, in which a laser melts the sample. Several experiments have been done by using the levitation technique in liquid alumina. Ansell et al. 11 and Waseda et al. 12 performed an x-ray experiment, Landron et al., 13, 14 performed neutron scattering measurements, and Florian et al. 15 and Coutures et al. 16 have carried out nuclear magnetic resonance measurements. More recently, Krishnan et al. have carried out new structural measurements of liquid alumina over a wide range of temperature by using x-ray diffraction and different atmospheres in a levitating specimen. 17 A fundamental challenge for theoretical and simulation study of alumina is to find an interatomic interaction potential for satisfactory description of crystalline, amorphous, and liquid states of alumina. The theoretical studies of some crystalline phases have been reported. For example, Guo et al. reported a first-principles electronic structure calculation on sapphire and its surfaces. 18, 19 Boettger calculated the total energy of the corundum phase with all-electron, fullpotential linear combinations of Gaussian-type orbital-fitting function technique, which shows good agreement with experiments. 20 Holm et al. calculated elastic and optical properties of ␣-and -alumina by using plane-wave and fullpotential linearized muffin tin orbital methods. 21 The structure of -Al 2 O 3 has been calculated by Yourdshanhyan et al. by using first-principles methods. 22, 23 The -Al 2 O 3 has also been described through several interatomic potentials, all of them based on the Born ionic model, see for instance the works of Bush et al., 24 Catlow et al., 25 Minervini et al., 26 Mackrodt and Stewart, 27 and Paglia et al. 28 The structure and energetics of basal-plane surface of ␣-alumina were calculated by Manassidis et al. by using fully self-consistent ab initio calculations. 29 By using density functional theory with plane-wave basis and pseudopotentials, Gutierrez et al. explained the structure of ␥-alumina in terms of a defected spinel structure with cation site vacancies randomly distrib- uted between octahedral and tetrahedral positions, which is consistent with crystallographic data, 30 and Menéndez-Proupin and Gutiérrez 31 report the electronic properties of bulk ␥-phase. Alvarez et al. performed molecular dynamics ͑MD͒ simulations by using a Pauling-type interaction potential to study the structure and micropore formation mechanisms in ␥-Al 2 O 3 .
32, 33 Blonski and Garofalini performed MD simulations by using the Born-Mayer-Huggins potential together with a three-body interaction in ␣-and ␥-alumina both in bulk and at surfaces. 34 The structure of ␥-alumina was also determined by using an interatomic potential and first-principles calculation by Paglia et al. 35 Gutiérrez et al. studied the mechanism for -to ␣-Al 2 O 3 transition by using MD simulation with a pairwise interatomic potential. 36 Recently, Jahn et al. proposed a flexible ionic interaction model for alumina, where the parameters are optimized by reference to ab initio density functional theory electronic structure calculations. 37 The structural properties of amorphous alumina have been reported by MD simulation by using the Matsui 38 potential. 30 Considerably, less research effort has been devoted to the structural description of liquid alumina. Ahuja et al. determined the melting and the liquid structure by means of a two-phase MD method with a pair potential. 39 Gutierrez et al. 36 and San Miguel et al. 40 studied the structural properties of liquid alumina by using MD simulation with a pair potential. Krishnan et al. 17 performed MD simulation with an interaction potential that was proposed by Jahn et al. 37 In this paper, we present an effective interatomic interaction potential for ␣-Al 2 O 3 , amorphous, and liquid alumina. Structural properties are studied through pair correlation functions, coordination numbers, bond angle distributions, ring analysis, and x-ray and neutron static structure factors. Dynamical properties such as vibrational density of states and electric current-current functions are also calculated. The paper is divided into seven sections. In Sec. II, the proposed interaction potential is described. Section III is dedicated to the analysis of the structure of the amorphous alumina. In Sec. IV, we discuss structural correlations in the liquid phase. The analysis of rings structures is presented in Sec. V, and the vibrational density of states and the electrical currentcurrent correlations for amorphous and liquid Al 2 O 3 are analyzed in Sec. VI. Finally, conclusions are presented in Sec. VII.
II. INTERATOMIC INTERACTION POTENTIAL FOR Al 2 O 3
The proposed interatomic potential consists of two-and three-body interactions. The potential energy of the system can be written as
This interaction potential has the functional form used to describe other materials. [41] [42] [43] [44] [45] The two-body term includes steric-size effects, Coulomb interactions, charge-induced dipole, and van der Waals interactions. The two-body part of the potential is given by repulsion, and and are the screening lengths for the Coulomb and charge-dipole interactions, respectively. Here, r ϵ r ij = ͉r i − r j ͉ is the distance between the ith atom at position r i and the jth atom at position r j . The two-body interatomic potential is truncated at r cut = 6.0 Å and is shifted for r ഛ r cut to have the potential and its first derivative continuous at r cut . 46, 47 The shifted two-body part of the interatomic potential is given by
The screening in the Coulomb and charge-dipole interactions is included to avoid the long range nature of the bare interactions. The main advantage of the short range nature of the interactions is its computational efficiency, which increases by an order of magnitude when compared to the bare interactions. It has been shown that the inclusion of the screening has no noticeable difference in the structural and dynamical properties whether the potential is screened or not. 47 The three-body interaction potential is given by a product of spatial and angular dependent factors to correctly describe bond-bending and bond-stretching characteristics, which has been discussed in detail elsewhere, 48 
V jik
where
where B jik is the strength of the three-body interaction, jik is the angle formed by r ij and r ik , jik and C jik are constants, and ⌰͑r 0 − r ij ͒ is the step function. Following previous studies by using the same form of interatomic potential, the exponents ij were chosen to be 7, 9, and 7 for Al-Al, Al-O, and O-O interactions, respectively. The screening lengths are = 5.0 Å and = 3.75 Å. The other parameters in the interaction potential are determined by using the experimental values for lattice constant, cohesive energy, bulk modulus, and some elastic constants for ␣-Al 2 O 3 . Table I compares the experimental and calculated quantities using our interaction potential, and The primary goal of the proposed interaction potential for alumina is to describe structural properties and dynamical behavior of ␣-Al 2 O 3 , molten, and amorphous alumina and their interfaces with metals and ceramics. It is unlikely that an interaction with simple three-body interactions, as proposed here, can accurately describe the subtle differences in various crystalline phases of alumina.
All MD simulations reported in this paper were performed for a system with 8640 atoms ͑3456 Al+ 5184 O͒ for several densities. Periodic boundary conditions were imposed, and Newton's equations of motion were integrated using the velocity Verlet algorithm with a time step of 1.5 ϫ 10 −15 s.
III. ELASTIC PROPERTIES AND MELTING OF 〈-Al 2 O 3
The interaction potential has been further validated by calculating the density dependence of elastic constants and the melting temperature. Figure 1 shows the total energy per particle as a function of the volume per particle of ␣-Al 2 O 3 . The dashed line is a Murnaghan equation of state 50 fit resulting in a bulk modulus of 249 GPa, cohesive energy of −6.35 eV/ at., and the first derivative of the bulk modulus, BЈ = 6.4. The interaction potential describes the system with minimum energy at experimental density.
A. Elastic properties of alumina
The calculated elastic constants of ␣-alumina, as a function of density, are shown in Fig. 2 . The simulation shows that C 14 is unaffected by the change of density, while all other elastic constants decrease with decreasing density.
B. The melting of alumina
The melting temperature of alumina has been determined in two ways. In one procedure, a system containing 8640 atoms with periodic boundary conditions in all directions is simulated in the constant-temperature-and-pressure ͑NPT͒ ensemble. The temperature is increased in steps of 100 K until 3500 K. At each temperature, the system is run for 10 000 ⌬t, and averages are taken over additional 10 000 time steps. The calculated melting temperature is found to be around 2700 K, whereas the experimental value is 2330 K. In the second procedure, two free surfaces are created in the z direction ͓direction ͑0001͔͒. A constant-temperature simulation is performed, following the same heating procedure as in the first procedure. It should be noted that MD melting is studied for a defect-free crystal under ideal conditions. One must always expect the melting temperature to be a few percent higher than the experimental values where the sample always has defects and conditions are less than ideal, e.g., container effects and oxygen loss causing loss of stoichiometry. In this case, as expected, the MD melting temperature is lowered to ϳ2500 K due to the free surfaces. In Fig. 3 , the energy per atom and the fractional MD volume are shown as a function of temperature, where the dashed vertical line marks the experimental melting temperature for alumina. 13, 39 The calculated change in volume at melting is about of 20%, which is consistent with the reported volume change on freezing.
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IV. ELASTIC PROPERTIES OF AMORPHOUS
Amorphous systems have been prepared by cooling molten alumina at several different densities, and the linear elastic constants have been calculated at zero temperature. Figure 4 shows all three elastic constants and the elastic moduli as a function of density for amorphous alumina. All the elastic constants decrease for lower densities, with the shear modulus showing the smallest dependence on density. Poisson ratio is determined to be = 0.22, which agrees well with an experimentally reported value of 0.231 for sintered ceramic.
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V. STRUCTURAL CORRELATIONS IN REAL AND RECIPROCAL SPACES
In this section, the structural correlations in the liquid and amorphous states are discussed both in real ͑r͒ and reciprocal ͑q͒ spaces. In the real space, the two-body structural correlations are analyzed through pair distribution functions, and in the reciprocal space through their Fourier transform, the static structure factor. The partial pair distribution functions are calculated from 
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where is the total number density, ͗n ␣␤ ͑r͒͘⌬r is the number of ␤ particles in a shell between r and r + ⌬r around an ␣ particle, c ␤ is the concentration of ␤ particles, and the brackets denotes an ensemble average as well the averaging over all ␣ particles. The coordination number C ␣␤ ͑r͒, which determines the average number of ␤ particles around an ␣ particle, is an integral of the corresponding partial pair distribution function,
The total pair, neutron, and charge-charge distribution functions are, respectively, defined as
͑9͒
where b ␣ is the coherent neutron scattering cross section and Z ␣ is the effective charge for ␣-type ion.
The properties of the system in the q space are analyzed through the static structure factors. The partial static structure factors are obtained by performing the Fourier transformation of the corresponding pair distribution functions, i.e.,
͑12͒
From these partial static structure factors, we can compute the neutron, x-ray, and charge-charge static structure factors as
where f ␣ are the x-ray form factors taken from Ref. 14.
A. Structural correlations for amorphous Al 2 O 3 in real space
Once we have established the validity of the interatomic potential through cohesive energy, elastic constants, bulk modulus, and melting temperature of the corundum Al 2 O 3 , several simulations with the same interaction potential have been performed to describe the structural and dynamical properties of amorphous and liquid alumina.
Amorphous alumina ͑a-Al 2 O 3 ͒ has been prepared by cooling the melt. Starting from a crystalline ␣-Al 2 O 3 , the system is gradually heated until a very well thermalized, high temperature liquid at 3000 K is obtained. From this liquid, the system is cooled to 300 K, and it is thermalized for 50 000 time steps ͑⌬t = 1.8 fs͒. Averages are taken over additional 10 000 time steps. This procedure is performed for three densities: 2.81 and 3.175 g / cc ͑experimentally reported densities͒ 13, 51 as well as 3.30 g / cc. Figure 5 shows the total pair distribution function and each partial correlation at 300 K for densities = 2.81 and 3.175 g / cc. For the larger density, there is only a small difference in coordination number. All the features in the correlation functions are practically the same. The first peak in g Al-O correlation occurs at 1.85Ϯ 0.05 Å, which corresponds to the Al-O bond length. The coordination number up to 2.27 Å is found to be 4.44. The second peak at 2.72 Å in g͑r͒ is mainly due to O-O correlations. Aluminumaluminum correlations display a shoulder at 2.71 Å, and the main first peak at 3.11 Å. Table III compares the peak position and the full width at half maximum ͑FWHM͒ for the first peak in each partial correlation for the two densities studied. Even for an amorphous system that is 4% denser ͑ = 3.30 g / cc͒, the peak positions and its width are essentially the same.
It is interesting to note that in octahedrally coordinated ␣-Al 2 O 3 at 300 K, the Al-O bond distances are 1.852 and 1.971 Å, with the average value of 1.91 Å, 53 The knowledge of atomic positions allows the determination of the bond angle distributions for amorphous phase. Figure 6 shows this distribution for the amorphous phase at 300 K and 2.81 g / cc.
It is interesting to observe that the distribution of O-Al-O bond angles in amorphous phase resembles the equivalent angle distribution of the polymorph phase, as shown in Table IV . This could be an indication that the amorphous phase transforms to a crystal phase before recrystallizing in the most stable corundum ␣-Al 2 O 3 . The peak positions of these bond angle distributions are, in general, very similar to those reported by Gutiérrez and Johansson. 
B. Structural correlations for amorphous Al 2 O 3 in reciprocal space
From the MD trajectories, the suitably weighted neutron and x-ray static structure factors have been calculated. In Fig. 7 , we depict the partial and total structure factors for simulated amorphous alumina at 300 K and 2.81 g / cc. The density-density correlation for amorphous system displays a shoulder at around 1. ticorrelations. The main peak at 2.81 is due to all three ͑Al-Al, Al-O, and O-O͒ correlations. The minimum at around 6 Å −1 is due to the cancellation of Al-Al and O-O correlations ͓see Fig. 7͑b͔͒ .
Calculated neutron and x-ray static structure factors for amorphous alumina at 2.81 g / cc and 300 K are depicted in Fig. 8 . Once each scattering is weighted with different factors ͑coherent neutron cross section or x-ray form factor͒, the region of small q displays slightly different peak positions.
C. Structural correlations in liquid Al 2 O 3
The liquid state has been obtained after heating a corundum ␣-Al 2 O 3 structure up to 3500 K. After allowing the system to be thermalized for 50 000 time steps, three liquid systems at 2600 K are prepared at three densities: two experimentally reported values ͓2.81 g / cc ͑Refs. 13 and 56͒ and 3.175 g / cc ͑Refs. 11 and 51͔͒ as well as a denser one at 3.30 g / cc. At this temperature, structural correlations are calculated by taking averages over 10 000 time steps. 
Structural correlations in real space
The two-body correlation for liquid alumina at 2600 K is analyzed by using partial and total pair distribution functions as well as coordination numbers. Several MD simulations have been performed for liquid alumina. 36, 40, 57 However, in all of them, the densities were higher than the experimental value. Figure 9 compares the total neutron pair distribution function derived from experimental data 14, 13 and that calculated from MD. The neutron weighted distribution function g N ͑r͒ shows a sharp peak at 1.76Ϯ 0.01 Å and a second peak at around 2.8 Å. From the partial pair distribution functions in Fig. 10 , the first peak, which defines the bond length of Al-O, is found to be 1.78Ϯ 0.05 Å, with the coordination number, 4.41, calculated up to 2.45 Å in excellent agreement with experimentally reported values. It is important to note that, for a higher density, the coordination number is slightly larger, although the peak positions are the same. The coordination number for = 3.175 g / cc is 4.78, using the same cutoff length. The three-body correlation is described through bond angle distributions. Figure 11 shows the six bond angles for liquid alumina at 2600 K and 2.81 g / cc. The O-Al-O bond angle has a peak at 90°, with a large dispersion. This angle, together with the coordination number of ϳ4, characterizes the liquid state as being built from disordered tetrahedral units, in contrast to the octahedrally coordinated crystalline structures. These tetrahedral units are linked to produce a network with Al-O-Al peaked at 109°. The arrows in the O-Al-O bond angle distribution are the angles in the corundum phase. The network of tetrahedral units will be discussed later in terms of ring statistics. Figure 12 shows the calculated partial static structure factors, and in Figs. 13 and 14 , we compare the calculated neutron and x-ray static structure factors with corresponding experimental results. In Figs. 13 and 14 , the neutron and X-ray static structure factors are calculated, using the ratio of 2:3 for the concentrations of Al and O.
Structural correlations in reciprocal space
The x-ray experiment on levitated molten alumina is carried out at high temperatures. This leads to a loss of oxygen from the sample resulting in nonstoichiometry and oxygen deficient sample. To study the effect of oxygen deficiency on the static structure factors, neutron and x-ray structure factors have been calculated with the concentration ratio of 1:1. Figure 15 shows the calculated neutron static structure factor with oxygen deficiency. Note that the height of the first peak decreases, when there is less oxygen atoms. In Fig. 16 , the calculated x-ray static structure factor considering oxygen deficiency is shown, along with experimental data.
Although Ansell et al. used a density of 3.175 g / cc in their analyses, and the directed measured density was 2.81 g / cc, 56 the difference of 13% in the density in the calculated structure factors is reflected only below 2 Å −1 . Both neutron and x-ray scattering structure factors in experiments are well reproduced by the MD simulation. In neutron diffraction experiments, a shoulder at 1.81 Å −1 has been observed. The simulated neutron diffraction also shows a shoulder around this value, if the correct experimental density is used. A previous simulation 47 has shown that this first sharp diffraction peak is strongly size dependent, and a higher peak is expected for large systems. In x-ray diffraction data, the most prominent peak occurs at 2.05 Å −1 . The origin of these correlations can be inferred from the partial static structure factors in Fig. 11 . The shoulder at around 1.81 Å −1 is due to Al-O correlations, whereas the main peak at 2. The charge-charge correlation function is shown in Fig.  17 together with the neutron structure factor. Charge-charge correlations are out of phase with density-density correlations and its correlation extends beyond 10 Å −1 . It is worth mentioning that the peaks in x-ray diffraction experiments are at 2.05 and 4.50 Å −1 , whereas they are at 1.81, 2.72, 4.6, and 7.5 Å −1 in neutron scattering. The difference can be attributed to the different scattering mechanisms. In one case, it depends on a constant ͑i.e., coherent q-independent neutron cross section͒, and in the other case on the x-ray form factors due to scattering from electrons, which are q dependent.
D. Ring analysis of amorphous and liquid Al 2 O 3
The connectivity of the Al 2 O 3 units has been analyzed through the shortest-path ring statistics. The ring statistics is a powerful tool to understand the topology of computergenerated amorphous and glassy materials. [58] [59] [60] The shortestpath ring is defined as the shortest closed path of alternating Al-O atomic bonds. A ring size n means that n Al atoms are alternatively connected to n O atoms. For tetrahedrally coordinated systems, there are six possible paths for each atom, while in the case of octahedrally coordinated system, the number of possible paths increases to 15. We search for rings up to size of 10. Corundum ͑␣-Al 2 O 3 ͒ has only six twofold and 21 threefold rings, all of them sharing more than one octahedral edges. On the other hand, in amorphous alumina, most rings are of four-or fivefold, and very few two-, six-, and sevenfold rings exist. Table V summarizes the ring statistics per aluminum atom for corundum crystalline phase and for amorphous alumina at different densities. The absence of a larger ring size implies that the amorphous alumina does not have a large porosity.
VI. DYNAMICAL CORRELATIONS IN CRYSTALLINE, AMORPHOUS, AND MOLTEN ALUMINA
The dynamical correlations in alumina have been studied through the velocity autocorrelation function, current-current correlation function, and their Fourier transforms. 
A. Velocity autocorrelation function
The velocity autocorrelation function is defined as
where v i ͑t͒ is the velocity of the ith atom at time t and the brackets denote averages over ensembles and atoms. Figure 18 shows the velocity autocorrelation function for amorphous alumina at 2.81 and 3.175 g / cc. The density dependence is negligible for this density range. We have found that oxygen atoms are more correlated than aluminum, for which Z͑t͒ quickly decays to 0.
For molten alumina, the aluminum velocity autocorrelation function in Fig. 19 exhibits a Langevin-like autocorrelation, corresponding to a Markovian evolution ͑for a discussion of this kind of behavior, see the paper of Kubo on "The fluctuation-dissipation theorem" 61 ͒. For aluminum, the velocity autocorrelation function has a decay similar to the exponential decay and it has practically no back scattering of particles in a cage of nearest neighbors. This kind of behavior will display, in the frequency spectra, a low frequency diffusive mode ͑see Fig. 22 below͒. 
B. Vibrational density of states
The vibrational density of states ͑VDS͒ is determined through the Fourier transform of the corresponding velocity autocorrelation function, i.e., Figure 20 shows the calculated VDS for ␣-Al 2 O 3 at 300 K, which compares well with a neutron scattering data. The specific heat has been calculated from the vibrational density of states as a function of temperature for ␣-alumina and amorphous phase. Figure 23 shows the calculated specific heats for crystalline and amorphous phases at two densities. For comparison, the experimental data for C P for selected temperatures are displayed in Fig. 23. 52,63
C. Current-current correlation and conductivity
The current-current correlation function is defined as
where the charge current is given by
Figures 24 and 25 show the current-current correlation functions for amorphous and molten alumina at two densities. As expected, the molten phase hardly shows any structure beyond the first minimum.
The frequency-dependent ionic conductivity can be calculated from the Fourier transform of the current-current correlation function, i.e.,
where V is the volume of the system and k B is the Boltzmann constant. Figure 26 shows the normalized frequency-dependent conductivity for ␣-alumina together with frequencies from infrared experiments ͑shown in vertical bars in the upper part of the figure͒. The IR frequencies are four E u and two A 2u transversal modes. 64 Since the proposed model uses screened Coulomb interaction, the LO-TO splitting cannot be described.
The corresponding normalized frequency-dependent ionic conductivities for amorphous and liquid alumina are depicted in Figs 27 and 28. The amorphous phase ͑Fig. 27͒ displays just one peak at around 70 meV and no other excitation above 120 meV. The molten alumina ͑Fig. 28͒ shows a broad spectra due to thermal effects, with the main peak shifted to 60 meV and a nonzero value at = 0 ͑displaying the diffusive nature of the high temperature state͒.
VII. CONCLUSIONS
MD simulations were performed with an interatomic interaction potential developed for alumina. The proposed effective potential incorporates two-and three-body interactions. The cohesive energy, elastic constants, bulk modulus, and melting temperature of the corundum phase are well described. MD simulations with the proposed interatomic potential for the liquid state, at experimental density, characterized through neutron and x-ray structure factors are also in good agreement with the experimental results. Amorphous phases with different densities have been prepared starting from the liquid state, and the structures of amorphous and liquid states have been determined and analyzed. The statistics of shortest-path rings has been calculated for the ␣-crystalline and amorphous Al 2 O 3 . In the crystal, there are only two-and threefold rings, none of them sharing a corner of the octahedra, whereas in amorphous alumina, most of the rings are three-, four-, and fivefold. No ring size larger than 8 is found in the amorphous state. A large percentage of the rings has only corner sharing atoms: 38.5% of threefold rings, 30.6% of the fourfold rings, and 45.6% of the fivefold ring are corner sharing alone. 
